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Abstract: it is well known that in the theory of dynamical systems, many theorems concerning area-preserving
mappings can be carried over to mappings possessing the so-called intersection property: any simple closed
curve that is not nullhomotopic intersects its image. However, the mappings with the intersection property do not
constitute a group. In this note, we construct an explicit example of two analytic mappings of a two-dimensional
annulus such that they possess the intersection property but their composition does not. One of these mappings is
the rotation through an angle of 90 ©
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O KOMITO3UIINU OTOBPAKEHUI CO CBOMCTBOM INEPECEYEHUSA
CeBprok M.B.

Cesprox Muxaun bopucosuy — 0okmop Qusuxo-mamemamuieckux HayK, eNA6HbLIL HAYUHbIEL COMPYOHUK,
nabopamopus OUHAMUKY SNIeMEHMAPHbIX NPOYEccos,
Hucmumym snepeemuyeckux npobnem xumudeckou Qusuxu um. B.JI. Tarepose
Poccuiickaa akademus Hayx, e. Mocksa

Annomayus: Xopouwio U36eCMHO, YMO MHO2UE MeOpeMbl Meopul OUHAMUYECKUX CUCTeM, Kacaruuecs
0MoOpadCeHUll, COXPAHAIOWUX NIOWAOU, MOJICHO NEPEHeCmU Ha OmooOpadicenus, obradarouue m.H. c80lUCmMEom
nepeceyenus: 100aAs NPOCMAs 3aMKHYmMas KPUGdsl, He 2OMOMONKASL HYIIO, Nepecekaemcs co C80UM 0OPA3OM.
Oonaxo omobpasicenusi co c60UCME0OM nepeceuenusi we o6pazyiom epynny. B nacmosweii 3amemxe cmpoumcs
SA6HBIL  NpuMep O08YX AHAIUMUYECKUX OMOOpAdCeHull O08YMepHO20 KONblYd, 001a0aiouux C8OUCMEoM
nepeceyenus, KOMNO3uyLs KOMopblx c8oUcmeom nepeceyenus ne ooaadaem. OOHO U3 IMUX OMOOPANCEHUT —
nogopom na yeon 90 °.

Knrwouesvie cnosa: ceoiicmeo nepeceuenus, KOIbyo, AHAIUMUYECKOe OMOOPAdICEHUe, KOMNO3UYUSL.
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It is well known that in the theory of planar dynamical systems, many theorems concerning globally area-
preserving mappings can be carried over to mappings possessing the so-called intersection property: any simple
closed curve that is not nullhomotopic intersects its image (see e.g. [1, 2]). However, the mappings possessing
the intersection property do not constitute a group: the composition of two mappings with this property does not
necessarily possess it. Of course, all the experts realize this fact but | have failed to find any explicit
counterexample in the literature. In this note, we construct two explicit analytic diffeomorphisms of the annulus
A= {(X, y)|1< X? + y2 < 25} such that each of them possesses the intersection property but their
composition does not. Moreover, one of them is the (counterclockwise, for definiteness) rigid rotation
R: (X, y) i (—y, X) over an angle of /2.

Let I be the ellipse {XZ /4+ y2 /16 =l}c A. The key ingredient of our example is an explicit analytic
diffeomorphism G A — A that leaves the ellipse R(I") = {XZ /116 + y2 /4 =1} and the boundary circles

{XZ + y2 = l} and {Xz + y2 = 25} invariant and takes the ellipse I" to a curve A lying strictly inside
I (see fig. 1).



Fig. 1. The key curves in our counterexample

In the annulus A\, introduce the new coordinate frame (A, @ MOd 27t) with 1< A <5 according to
the formulas
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Since the derivative &'(A)= 2 COSZ (A—1) never exceeds /4 <1 in absolute value,

E(L)=&(5) =0, and &(3) =1, one concludes that f'(A) >0 and g'(A) >0 for all A and
f)=9@ =1 T(5)=9(()=5, (3)=4,and g(3) = 2. Consequently, the coordinate frame

(A, @) is well defined and {xz + y2 :1}:{k =1}, {xz + y2 = 25}:{k =5},
R(IN) ={L=3}.

Now set
cosm(A—1)—1
4 :

T .
The derivative U'(A) = ZSInTl:(l—K) never exceeds 70/ 4 <1 in absolute value. The function U

u(h) =

@)

itself is negative everywhere on the interval [1, 5] with the exception of the points A =1, 3,5 where it

vanishes. Thus, the mapping A F> A + U(A) is a diffeomorphism of the interval [1, 5] that leaves the points

A =1, 3, 5 fixed and moves all the other points towards the left.
Finally, set

sin2
V() = 3®- @
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Then the derivative V'((p) =§COSZ(|) never exceeds 2/3 <1 in absolute value. Moreover, the

function V on the interval [0, 27t] vanishes at the points O, nl2, 3n/2, 2@, is positive for
O<p<m/2 and T<@<3m/2, and is negative for T/2<@<m and 3n/2<p<2m.

Therefore, the mapping ¢ > @ + V((p) is a diffeomorphism of the circle R/2nZ with fixed points 0,

TC (repellers) and nl2,3n/2 (attractors).
The diffeomorphism



G:(Lo) > (A+ur), 0+v(9))  ©

of the annulus A is the desired one.

The diffeomorphism S = GRG1:A A possesses the intersection property (because R does) and
takes R(I") to A and vice versa:

SR(IN =GRG RN =GRR(IN =G =A,

S(A)=GRG}(A)=GR(IN=R().
The composition RS takes the curve R(I") to the curve R(A) which lies strictly inside R(I") and

takes the curve A to the curve I which lies strictly outside A (see fig. 1). Thus, this composition does not
possess the intersection property.

In conclusion, we present a list [3-13] of several well known collections of counterexamples in various
branches of mathematics.
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