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Abstract: it is well known that in the theory of dynamical systems, many theorems concerning area-preserving 

mappings can be carried over to mappings possessing the so-called intersection property: any simple closed 

curve that is not nullhomotopic intersects its image. However, the mappings with the intersection property do not 

constitute a group. In this note, we construct an explicit example of two analytic mappings of a two-dimensional 

annulus such that they possess the intersection property but their composition does not. One of these mappings is 

the rotation through an angle of 90. 
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Аннотация: хорошо известно, что многие теоремы теории динамических систем, касающиеся 

отображений, сохраняющих площади, можно перенести на отображения, обладающие т.н. свойством 

пересечения: любая простая замкнутая кривая, не гомотопная нулю, пересекается со своим образом. 

Однако отображения со свойством пересечения не образуют группу. В настоящей заметке строится 

явный пример двух аналитических отображений двумерного кольца, обладающих свойством 

пересечения, композиция которых свойством пересечения не обладает. Одно из этих отображений — 

поворот на угол 90. 
Ключевые слова: свойство пересечения, кольцо, аналитическое отображение, композиция. 
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It is well known that in the theory of planar dynamical systems, many theorems concerning globally area-

preserving mappings can be carried over to mappings possessing the so-called intersection property: any simple 

closed curve that is not nullhomotopic intersects its image (see e.g. [1, 2]). However, the mappings possessing 

the intersection property do not constitute a group: the composition of two mappings with this property does not 

necessarily possess it. Of course, all the experts realize this fact but I have failed to find any explicit 

counterexample in the literature. In this note, we construct two explicit analytic diffeomorphisms of the annulus 

 251|),( 22  yxyxA  such that each of them possesses the intersection property but their 

composition does not. Moreover, one of them is the (counterclockwise, for definiteness) rigid rotation 

),(),(: xyyxR   over an angle of 2/ . 

Let   be the ellipse   Ayx  116/4/ 22
. The key ingredient of our example is an explicit analytic 

diffeomorphism AAG :  that leaves the ellipse  14/16/)( 22  yxR  and the boundary circles 

 122  yx  and  2522  yx  invariant and takes the ellipse   to a curve   lying strictly inside 

  (see fig. 1). 
 



 

 
 

Fig. 1. The key curves in our counterexample 
 

In the annulus A , introduce the new coordinate frame )2mod,(   with 51   according to 

the formulas 

 cos)(fx ,  sin)(gy , )()( f , )()( g ,          (1) 

)1(
4

sin)( 


 .          (2) 

Since the derivative )1(
4

cos
4

)( 


  never exceeds 14/   in absolute value, 

0)5()1(  , and 1)3(  , one concludes that 0)( f  and 0)( g  for all   and 

1)1()1(  gf , 5)5()5(  gf , 4)3( f , and 2)3( g . Consequently, the coordinate frame 

),(   is well defined and   }1{122  yx ,   }5{2522  yx , 

}3{)( R . 

Now set 

4

1)1(cos
)(


u .          (3) 

The derivative )1(sin
4

)( 


u  never exceeds 14/   in absolute value. The function u  

itself is negative everywhere on the interval ]5,1[  with the exception of the points 5,3,1  where it 

vanishes. Thus, the mapping )( u  is a diffeomorphism of the interval ]5,1[  that leaves the points 

5,3,1  fixed and moves all the other points towards the left. 

Finally, set 

3

2sin
)(


v .          (4) 

Then the derivative  2cos
3

2
)(v  never exceeds 13/2   in absolute value. Moreover, the 

function v  on the interval ]2,0[   vanishes at the points 0 , 2/ , 2/3 , 2 , is positive for 

2/0   and 2/3 , and is negative for  2/  and  22/3 . 

Therefore, the mapping )( v  is a diffeomorphism of the circle ZR 2/  with fixed points 0 , 

  (repellers) and 2/ , 2/3  (attractors). 

The diffeomorphism 



 

 )(),(),(:  vuG            (5) 

of the annulus A  is the desired one. 

The diffeomorphism AAGRGS   :1
 possesses the intersection property (because R  does) and 

takes )(R  to   and vice versa: 

  )()()()( 1 GGRRRGRGSR ,          (6) 

)()()()( 1   RGRGRGS .          (7) 

The composition RS  takes the curve )(R  to the curve )(R  which lies strictly inside )(R  and 

takes the curve   to the curve   which lies strictly outside   (see fig. 1). Thus, this composition does not 

possess the intersection property. 

In conclusion, we present a list [3–13] of several well known collections of counterexamples in various 

branches of mathematics. 
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